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Chase-escape

• G infinite connected graph

• Vertex states: { , , }
• →
at rate λ

• →
at rate 1

[Kordzakhia, ’05]
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Chase-escape

• G infinite connected graph

• Vertex states: { , , }
• →
at rate λ

• →
at rate 1

[Kordzakhia, ’05]

Question:
Critical λc(G)?

Example: N
Coexistence
λ = 2

Extinction
λ = 1/2
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Phase transitions

Critical parameter

• G an infinite connected graph
• B: set of vertices that are blue at some point

λc(G) = sup{λ : Pλ(|B| = ∞) = 0}

0 λc

slow rabbits fast rabbits
extinction coexistence
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Chase-escape

• G = (V, E) infinite graph

• Vertex states: { , , }
• →
at rate λ

• →
at rate 1

Question:
Critical λc(G)?

• [Kordzakhia ’05, Bordenave ’14]
On the graph N:

• Extinction: λ ≤ 1
• Coexistence: λ > 1
• Critical parameter λc(N) = 1
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Chase-escape

• G = (V, E) infinite graph

• Vertex states: { , , }
• →
at rate λ

• →
at rate 1

Question:
Critical λc(G)?

• [Kordzakhia ’05, Bordenave ’14]
On d-ary trees Td:

• λc(Td) = 2d− 1− 2
√
d2 − d ∼ 1

4d
• λc(Td): extinction occurs a.s.

• [Bordenave ’14, Kortchemski ’16]
On Galton-Watson trees

• conditioned to be infinite, and
• E( offspring ) = d > 1
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Critical parameter for the line

Theorem [Kordzakhia ’05, Bordenave ’14]
λc(N) = 1 and P1(|B| = ∞) = 0

Proof [Durrett-Junge-Tang, ’20]

0 4

1

3
Sn

pj,j+1 = P (Exp(λ) ≤ Exp(1))

=
λ

λ+ 1
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Critical parameter for the line

Theorem [Kordzakhia ’05, Bordenave ’14]
λc(N) = 1 and P1(|B| = ∞) = 0

Proof [Durrett-Junge-Tang, ’20]

0 4

1

3
Sn

pj,j+1 = P (Exp(λ) ≤ Exp(1))

=
λ

λ+ 1

{Sn returns to 0} = {|B| < ∞}
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An open problem

Conjecture [Martin]
λc(Z2) < 1

Simulation [Tang-Kordzakhia-Lalley, ’18]
λc(Z2) ≈ 1

2 Chase-escape on Z2 with λ = 1
2

Image: Durrett - Junge - Tang
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Chase-escape with death on d-ary trees

• G infinite connected graph

• Vertex states: { , , , }
• →
at rate λ

• →
at rate 1

• →
at rate ρ

• d number of children
• λ, ρ
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Phases

• R: set of vertices that are red at some point
• B: set of blue vertices

Coexistence phase

Pλ,ρ(|B| = ∞) > 0,

Pλ,ρ(|R| = ∞) > 0
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Phases
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Phases

• R: set of vertices that are red at some point
• B: set of blue vertices

Escape phase

Pλ,ρ(|B| = ∞) = 0,

Pλ,ρ(|R| = ∞) > 0
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Phase transitions

Critical parameters

• Graph G
• λ > 0

ρc(G, λ) = inf{ρ : Pλ,ρ(|B| = ∞) = 0}
ρe(G, λ) = inf{ρ : Pλ,ρ(|R| = ∞) = 0}

0 ρc

coexistence escape extinction
ρe

Chase-escape with death Definition 14



Results



Phase diagram

Theorem 1 [Beckman-Cook-Eikmeier-HT-Junge]

• Fix d
• λ−

c ∼ 1
4d , λ

+
c ∼ 4d

λ

ρ

λ−
c λ+

c
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Theorem 1 [Beckman-Cook-Eikmeier-HT-Junge]

• Fix d
• λ−

c ∼ 1
4d , λ

+
c ∼ 4d

Then
• If λ ̸∈ (λ−

c , λ
+
c ):

• Escape and extinction

• If λ ∈ (λ−
c , λ

+
c ):

0 < ρc < ρe
• Coexistence: ρ ∈ [0, ρc)
• Escape: ρ ∈ [ρc, ρe)
• Extinction: ρ ≥ ρe

λ

ρ

λ−
c λ+

c

ρe(λ)

ρc(λ)

extinction

escape

coexistence
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Phase diagram and critical behaviour

Theorem 2 [Beckman-Cook-Eikmeier-HT-Junge]

• Fix d
• λ−

c ∼ 1
4d , λ

+
c ∼ 4d

• Fix λ ∈ (λ−
c , λ

+
c )

• B: set of blue vertices

Then
• If ρ > ρc then Eλ,ρ|B| < ∞.
• If ρ = ρc then Eλ,ρ|B| = ∞.

Recall Pλ,ρ(|B| < ∞) = 1, ρ ≥ ρc.
λ

ρ

λ−
c λ+

c

ρe(λ)

ρc(λ)

extinction

escape

coexistence
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Critical values

Theorem 3 [Beckman-Cook-Eikmeier-HT-Junge]

Let λ ∈ (λ−
c , λ

+
c )

0 cλ
√
d ≤ ρc ≤ Cλ

√
d

coexistence escape extinction

ρe = λ(d− 1)

Theorem 4 [Beckman-Cook-Eikmeier-HT-Junge]

Fix d and λ. Given ρ ̸= ρc, there exists a finite runtime algorithm that
determines if ρ < ρc or if ρ > ρc.
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Critical values

λ

ρ

λ−
c λ+

c

extinction

escape

coexistence 0 5 10 15
0.00

0.25

0.50

0.75

1.00

Phase diagram for Theorem 1.
Approximation of ρc(λ) when d = 5

using the algorithm of Theorem 4.
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Proof strategy



# 1: renewal vertices
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# 2: an embedded branching process

Renewal vertex
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# 2: an embedded branching process

Renewal vertices: embedded branching process Z
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# 3: a new critical parameter

Z is the total number of renewals (embedded branching process)

ρR = inf{ρ : Pλ,ρ (Z = ∞) = 0}
ρc = inf{ρ : Pλ,ρ(|B| = ∞) = 0}

0 ρR ≤ ρc

coexistence escape extinction
ρe
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# 4: From a d-ary trees to the line

E(Z) =
∞∑
k=0

P(Rk)d
k

Z: total number of renewal vertices Rk = {renewal at generation k}

Chase-escape with death Proof strategy 22



# 5: Jump Markov chain

0 4 8 13

1

3

5

Ji pj,j+1 =
λ

1 + λ+ jρ
,

pj,j−1 =
1

1 + λ+ jρ
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# 5: Jump Markov chain

RR R

0 4 8 13

1

3

5

Ji

pj,j+1 =
λ

1 + λ+ jρ
,

pj,j−1 =
1

1 + λ+ jρ

{Jk = 1}
= { renewal at k}
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# 6: Connection to analytic combinatorics

Events of chase-escape on N ↔ Sets of paths

P(Rk) =
∑
γ∈J

ω(γ),

where

• Rk = “renewal at vertex k on N”
• J is the set of Dyck paths beginning

at (0, 1), ending at (2k, 1) and above 1

• ω is the probability of γ
0 4 8

1

3

5

Ji
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# 6: Connection to analytic combinatorics

Events of chase-escape on N ↔ Sets of paths

Weighted Dyck paths ↔ Weighted Catalan numbers

Pλ,ρ(Rk) =
∑
γ∈J

ω(γ) = Cλ,ρ
k ,

where

• Rk = “renewal at site k on N”

• Cλ,ρ
k is a weighted k-th Catalan

number
0 4 8

1

3

5

Ji
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# 6: Connection to analytic combinatorics

Eλ,ρ(Z) =
∞∑
k=0

Pλ,ρ(Rk)d
k =

∞∑
k=0

Cλ,ρ
k dk =

1

1−
uλ,ρ(0)vλ,ρ(0)z

1−
uλ,ρ(1)vλ,ρ(1)z

1− . . .

,

Z is the total number of renewal vertices
Rk = { renewal at vertex k for chase-escape with death on N}

Chase-escape with death Proof strategy 25
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Takeaways

• Spatial structure and death
• Jump Markov chain
• Analytic combinatorics [Flajolet–Guilleman, ‘00]
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