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One-point estimates for LERW

OnD, ., welookat P(x, € y,)

o Growth exponent
o Scaling limit

o Minkowski content for the scaling limit



LERW in 2D
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LERW in 2D

Growth exponent is f#, = 5/4 [Kenyon ’'00]

[Schramm ’99, Lawler-Schramm-Werner’ 01
Lawler-Viklund ’16] |

The scaling limit of LERW on Z? is SLE(2)

o Convergence in the natural
parametrization [Lawler-Viklund "16].

o SLE(2) parametrized by its Minkowski

content
[Lawler-She

ield ’09, Lawler-Rezaei '12].

o Strong estimate of one-point function

[Benes-Lawler-Viklund ’14].

P (rei@ S yoo) ~ Cr

—3/4

Simulation: Jorge Emiliano Alvarez Gil Leyva



LERW beyond 2D

Scaling limit One-point function of LERW
d=>5
d=4
d=3
Plx, € ~ cn
SLE(2) d=2 O € 1) |
[Benes-Lawler-Viklund ’14]
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metric.
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Scaling limit of the 3D LERW

[Kozma ’'05] Convergence of trace
o Let P C R be a polyhedron.

o P =Pnm~'Z°

o y LERW on P,_,.

Yo-» = J7 w.r.t. the Hausdorff
metric.

& 7% is scale- and rotation-invariant

[Sapozhnikov-Shiraishi ’15]

J is a simple curve a.s.




Growth exponent of 3D LERW

[Shiraishi ’13]
o LetM, =mf{k>0: |y, | = n}

Then there exists /J € (1, 5/3] such
that

E(M,) = n/*+o0

[Shiraishi 16l dimg % = p

[Shiraishi "13]
P(Xn = }/n) —n —3+o0(1)
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[Li-Shiraishi 18]
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Scaling limit of the 3D LERW

[Li-Shiraishi "18]

° [is the growth exponent of the 3D
LERW

oy LERWonD,, = trace(y,,)

o f,=m’P (%, E7,) & m

o B =" D8,

xeX

O (A b)) = (S, 1)

In the topology generated by the metric

p(A, 4y) = | Ty — T, [ + sup [4,(sT)) — A,(sTH) |,
0<s<1

A :[0,T] - R?

D, =Dnm 74



Scaling limit of the 3D LERW

[Li-Shiraishi ’18]

° /i is the growth exponent of the 3D
LERW

oy LERWonD, , = trace(y,,)
ofm=m3|]3>(fcm€;/m) X m

o B =" D8,

xeX

O (A b)) = (S, 1)

: : : _ —1—7d
One-point estimate on dyadic sequences D,=Dnm™Z

P (X € ypu) = ¢,2707)" [Li-Shiraishi "18]




One-point function of the 3D LERW

[H.T.-Li-Shiraishi, ’24]
o Ball-hitting probability for

P(7 N B 1) # @) = cgr™ 140 (d:77) |

o One-point estimate
P(x, € ) = cg(x)m™ (3=/) [1 + O (d_c _5)]

& the function g is continuous and rotation-invariant



One-point function of the 3D LERW

[H.T.-Li-Shiraishi, ’24
o Ball-hitting probability for

P(7 N B 1) # @) = cgr™ 140 (d:77) |

o One-point estimate
P(x, € ) = clg(x)m_(3 [1 + O (d_c _5)]
& the function g is continuous and rotation-invariant

o Continuity result
P( NB(x,r) # J, ﬂB°(x,r)=@)=O



Proposition. For each s > 0 there exists my > 0 so that for all
m > my

P(%, NB@&,s)# @) =cys77" |1+ O(s)]

x =(1/2,0,0)

B(x, s)
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Proposition. For each s > 0 there exists my > 0 so that for all
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_______
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Proposition. For each s > 0 there exists my > 0 so that for all
m > my

P(%, NB@&,s)# @) =cys77" |1+ O(s)]

Z P> (t& < Tl,}?na =J,0NBX,s) = @)
yEOIB(X,s)

o = S?[0,77]

' =1inf{j > 0|S' ¢ D)}
S0,z hits o

~.

Sl [o M /A

= LE(S'[0, To])[up iy | /

B(x s/ x =(1/2,0,0)
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Minkowski content

A C R bounded Borel set

BA,r) = {x e R3, dist(x,A) < r}

Cont,(A) = lim r*3 Vol(B(A, r))
rl0




Minkowski content

A C R bounded Borel set

BA,r) = {x e R3, dist(x,A) < r}

Cont,(A) = lim r*3 Vol(B(A, r))
rl0

Criterion for existence of Minkowski content
g(2) = lims" =3P (B(z,5) N K # @)

s—0

g(z,w) = lim sV =P (B(Z, S)NFK #+ B, Bw,s) N K # @)

s—0



~ Minkowski content and
limiting occupation measure

[H.T.-Li-Shiraishi, ’24]

For any “nice” box V C D, the //-Minkowski content
Conty( 7 NV)

exists. Moreover, if

° u is the limiting occupation measure, and

© yis measure induced by /-Minkowski content.

There exists a constant ¢y > 0

V= Cyl a.s.



Scaling limit of the 3D LERW

[H.T.-Li-Shiraishi, ’24]

© /Jis the growth exponent of the 3D
LERW

oy LERWonD,

o iy=m7" N 5,

XE]/m

o ¥ is LERW parametrized by f#,,

o y. = yin the topology generated
by the p-metric.
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Scaling limit of the 3D LERW

[H.T.-Li-Shiraishi, ’24]

© /Jis the growth exponent of the 3D
LERW

oy LERWonD,

o ly=m7" )5,

X€Y,

o ¥ is LERW parametrized by f#,,

o y. = yin the topology generated
by the p-metric.

D, =Dnm 74

o Scaling limit of 3D UST [Angel-Croydon-H.T.-Shiraishi, ’20]
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