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The two discrete models

Uniform spanning trees

« Critical phenomena in statistical physics
+ Large-scale geometry

Chase-escape with death

- Emulates predator-prey dynamics
+ Long-run behaviour
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Uniform spanning trees

. Let G be a finite and connected
graph.

+ A spanning tree of Gisa
subgraph spanning all the
vertices without cycles.

+ A uniform spanning tree (UST)
of G is a uniform sample over
the collection of spanning
trees.
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Uniform spanning forests on Z“

A uniform spanning forest (USF) on Z9 is a sample of the weak limit of
UST measures over a growing sequence of boxes (Ap).

Ap 1 74
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Uniform spanning forests on Z¢

The uniform spanning forest (USF)
measure on Z? is the weak limit:

|_I_

P (B c USF(Zd)) = lim P (B C UST(A,)),

where B is a finite set of edges.

[Pemantle, '91] The USF on Z9 exists and it is unique. The USF is a tree
(and call it UST) if, and only if, d < 4.
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UST as a measured, rooted, spatial tree

« U: UST of Z4
« d: intrinsic metric on U

e p: counting measure on U

« p=0: root
- ¢ :U — R% identity

(U, d) is a real tree, and

g: (Z/I’d?ll’l”QS?p)

is a measured, rooted, spatial tree.
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Measured, rooted, spatial trees

T is the space of measured, rooted, spatial trees:

T = (T.dr,p1, 01, P7),

where
« (T,d7): complete and locally « ¢1: T — RY: continuous
compact real tree, map,
« pr: locally finite Borel measure, « pr: root.
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A metric for the space T

If 7 and 7' are two compact measured rooted spatial trees in T,

AC(IvII) =

» & (o v, iy 0 /) +

2 e | SUPpyec (dz (1), 0/ (X)) + dga (67 (x), (X)) [
(p1.p)EC
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A metric for the space T

If T and 7' are two compact measured rooted spatial trees in T,

AC (7_'7 I/) =
Prohorov metric
d (prov ™ o/ 1) +
inf ,
vav¢l7C: / / / /
(pr.pr)EC | SUP(xx)eC gz (ﬂ)(x)7 Y (x )2 + dd (¢>T(X)> o7 (x ))
\ Gromov-HaJ;dorﬁ’ metric uniform c;rr1vergence
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A metric for the space T

If 7 and 7' are two compact measured rooted spatial trees in T,

AT T) =

» & (o v sty 0w/ =)

2’ C: | SUPwyec (dz (Y (%), ¥ (X)) + dga (67 (%), O7-(X))) |
(p7:07)EC

+ Recall: elements of T are complete and locally compact.
« Then A, extends to A.
« (T/ ~,A) is a separable metric space.

[Abraham-Delmas-Hoscheit ’13], [Barlow-Croydon-Kumagai, '17]
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Scaling of the UST

1

U: UST of z¢4
d: intrinsic metric on U

 p: counting measure on U
¢ : U — RY identity embedding
e p=0:root

Q1 = (uv d7 M, ¢7p)
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Scaling of the UST

« U: UST of 4
« d: intrinsic metric on U

)
i)
 p: counting measure on U

e p=0:root

« ¢ :U — R9 identity embedding Q_IT_I I E

Us = (uv 566{’ 5d“v 09, p)v
where /3 is the growth exponent of E

the “path between two vertices of

the UST”.
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Scaling of the UST
U: UST of 74 . —
d: intrinsic metric on U ﬂﬁ L
(: counting measure on U r||__|'| : E I :l

¢ : U — RY identity embedding I I I J_L In
« p=0: root _I——ﬂ__l_
L

st = (uv 566{3 6d#v 5¢a p)7

where /3 is the growth exponent of
the loop-erased random walk.

-
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Scaling of the UST

« U: UST of Z4

« d: intrinsic metric on U 5 T
- u: counting measure on U _I_E:_]__I:l 1
- ¢ :U — R?identity embedding

« p=0:root I;I—Iﬂ @‘E";:- T
Us = (U,5%d, 0%, 60, p), ﬂ I
L

where /3 is the growth exponent of

the loop-erased random walk. E E_E:I::j

Us)se(o0,1)
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Scaling limit of USTs in 2 dimensions

« T: UST of Z2

. . . . 2
« d: intrinsic metricon T ¢: embedding from 7"into R

) * p: root
+ p: counting measure on 7 p

[Schramm ’00, Lawler-Schramm-Werner ’04, Barlow-Croydon-Kumagai
’17, Holden-Sun 18] Let Ps be the law of the measured spatial space

(T,0%d, 8, 06, p),

where k = 5/4 is the growth exponent of the 2D LERW. Then

* (Ps)se(0,1) s tight [BCK], * (Ps)se(0,1) converges [HS],
and SLE curves describe the limit object [S, LSWI.
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Scaling limits of USTs in 3 dimensions

« U: UST of 73

. , - ¢: embedding from ¢/ into R?
« d: intrinsic metric on U

i . p: root
. u: counting measure on U

Theorem 1.1 (with 0. Angel, D. Croydon, and D. Shiraishi, 20+)
Let P be the law of the measured spatial space

U, 5°d, 5%, 69, p),

where /3 is the growth exponent of the 3D LERW. Then
 (Ps)se(o,1) is tight, and
» (Py-n)nen converges.
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Properties of the scaling limits 7

* U: UST on Z3
« T: scaling limit of the UST on Z3
 [3: growth exponent of the loop-erased random walk

Theorem 1.2 (with 0. Angel, D. Croydon, and D. Shiraishi, 20+)
T is a one-ended tree with Hausdorff dimension

This exponent is the fractal dimension of /.
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Simple random walk on ¢/

« U: UST on 73
« p4(x,y): is the transition density of the SRW on U/
- [3: growth exponent of the loop-erased random walk

Theorem 1.3 (with 0. Angel, D. Croydon, and D. Shiraishi, 20+)
For P-a.e. U and for all Vx € U,

U
d, = 9 lim \98P26X) 6 4
n—oo  logn 3+8

This exponent is the spectral dimension of I/.

[Barlow-Jarai-Kumagai-Slade, ’08], [Kumagai-Misumi, '08]
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Large-scale properties of the UST

Let N5 be the number of generating clusters of the USF on §7Z¢.

ol

[Benjamini, '99] For d > 4,
E(N;) — oo as 6 — 0. 1 T

Theorem 1.4 (with 0. Angel, D.
Croydon, and D. Shiraishi, "20+)

In dimensions d = 2, 3,
(Ns)se(0,1) s tight.

B
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Proof strategy

Loop-erased random walk

» Use:
+ Scaling limit of the LERW [Kozma ’07], [Li-Shiraishi "18+]
« With high probability, the LERW has good path properties
[Sapozhnikov-Shiraishi, '18]
« Sample UST with loop-erased random walks

« Wilson’s algorithm rooted at infinity [Wilson '96],
[Benjamini-Lyons-Peres-Schramm ’01]
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Chase-escape

+ G = (V,E) infinite graph

+ Vertex states: {O,®, @}

-0 00
at rate \

- 00— 090
atrate 1
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Chase-escape

+ G = (V,E) infinite graph

- Vertex states: {O,@,@®}

N SOy o )
at rate \

- 00— 090
atrate 1

Question:
Do we have coexistence or
extinction?
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Chase-escape

« G = (V,E) infinite graph

+ Vertex states: {O,®, @}

Example: N
- 0O - 00
at rate \ '“ ‘ : : : :
- 0000
atrate 1
. « Extinction: A <1
Question: ) ;
Do we have coexistence or » Coexistence: A > 1
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Chase-escape

+ G = (V,E) infinite graph

« Vertex states: {O,@,@®}

A A + [Kordzakhia ’05, Bordenave ’14]
atrate A d-ary trees
- 0000
1
atrate 1 A(Tg)=2d—1 -2/ —d ~ —,
4d
Question: ) + [Bordenave ’14, Kortchemski ’16]
Do we have coexistence or Galton-Watson trees
extinction?
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Chase-escape with death

« G = (V,E) infinite graph

+ Vertex states: {0, 0,0, @}

- 0O - 00
at rate \

- 00090
atrate 1

- 00
atrate p
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Chase-escape with death on d-ary trees

+ d number of children
« G = (V,E) infinite graph

+ Vertex states: {O, 0,0, @}

N SOy o )
at rate \

- 00 - 090
atrate 1

- 0- 0
at rate p

W
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Phases: coexistence, extinction and escape

+ R: set of vertices that are red at some point
+ B: set of vertices that are blue at some point
Coexistence phase:

Py, (|B| = o0) >0, P, ,(|R| =00) >0

Extinction phase:

PA,p(lBl =00) = PA,p(|R| =00)=0

Escape phase:

Pro([Bl =00) =0, Py ,(|R| =00) >0
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Phase transitions

Critical parameters
Given a graph G and for each A > 0 with coexistence and extinction
phases, let

pe(G,\) = inf{p: Py, (|B] = o0) = 0}

pe(G. ) = inf{p: Py ,(|R| = o0) = 0}

coexistence  €scape extinction

0 Pc Pe
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Phase diagram

Theorem 2.1 (with E. Beckman, K. Cook, N. Eikmeier, and M. Junge, ’19+)

- Fixd

« Az, A\l: solutions to
4dA/(1+ ) = 1. extinction

© Ao~ g AS ~4Ad p

Then

. - ).
If )\ ¢ ()\C 7)\C )' . escape
the process transitions [P
between escape and extinction /-~ coexistence )\+

& S ;

C
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Phase diagram

Theorem 2.1 (with E. Beckman, K. Cook, N. Eikmeier, and M. Junge, '19+)

- Fixd
+ Az, A\l: solutions to

4d\/(1+N)? =1.

© Ao~ o A ~4d

Then extinction

<A AE (A AD): ’
the process transitions
between escape and extinction escape

< If Xo € (A, \): Pe [P -
0< pe < pe=Ao(d—1) Pel /-~ coexistence ™.

« Coexistence: p € [0, pc) ¢ Ao A A

« Escape: p € [pc, pe)
« Extinction: p > p.
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Proof strategy: renewal vertices
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Proof strategy: renewal vertices

&

Renewal vertex
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Proof strategy: renewal vertices

Eat
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Proof strategy: renewal vertices

At
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Proof strategy: renewal vertices

A&
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Proof strategy: renewal vertices
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Proof strategy: branching process

A%

Renewal vertex
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Proof strategy:

Renewal vertices: embedded branching process
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Proof strategy: branching process

7 is the total number of renewals (embedded branching process)

pr=inf{p: Py, (7 = 00)}
pe = inf{p: Py ,(|B] = o0) = 0}

coexistence  €scape extinction

0 PR = Pc Pe

Doctoral Oral Defence Chase-escape with death 2426



A macroscopic view

Uniform spanning trees on Z?
Existence of scaling limits.

Chase escape with death
Description of phase transitions and critical behaviour.
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